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The model of Physics resulting from a Kaluza-Klein dimensional reduction procedure offers very
good dark matter candidates in the form of Light Kaluza-Klein Particles, and thus becomes rele-
vant to Cosmology. In this work we utilize an analytically known, Kasner-type, attractor solution.
It is shown that for a plethora of pairs of initial conditions of the usual and extra spatial Hub-
ble parameters, one can recover a late-time cosmological picture, similar to that of the ΛCDM, in
a multidimensional scenario, in the general framework of Universal Extra Dimensions. The phe-
nomenology of fundamental interactions dictates the stabilization of the extra dimensional evolution
from a very early epoch in these scenarios. Without an explicit mechanism, this is achieved through
particular behaviors of the usual and extra spatial fluids, which have to be motivated by a more
fundamental theory.
I. INTRODUCTION
The advances in string theory have put forward the necessity to study models that describe our world in more
than four dimensions. Then, to recover the four-dimensional spacetime a dimensional reduction mechanism has to be
employed. This mechanism can be realized by using the Kaluza-Klein (KK) dimensional reduction formalism [1, 2].
In this direction, inspired by string (or M) theory, models were built in the so-called braneworld scenario [3], according
to which the Standard Model, with its matter and gauge interactions, is localized on a three-dimensional hypersurface
(called brane) embedded in a higher-dimensional spacetime. Gravity propagates in all spacetime (called bulk) and
thus connects the Standard Model sector with the internal space dynamics (for a review on braneworld dynamics
see [4]).
Cosmology in theories with branes embedded in extra dimensions has been the subject of intense investigation.
The most detailed analysis has been done for braneworld models in five-dimensional spacetime. The effect of the
extra dimension can modify the cosmological evolution, depending on the model, both at early and late times. The
cosmology of this and other related models with one transverse to the brane extra dimension (codimension-1 brane
models) is well understood. In the cosmological generalization of [3], the early-time (high energy limit) cosmological
evolution is modified by the square of the matter density on the brane, while the bulk leaves its imprints on the brane
by the “dark radiation” term. The presence of a bulk cosmological constant in [3] gives conventional cosmology at
late times (low energy limit) (for related reviews see [5]).
In a different approach a model was proposed in [6], entailing the existence of large extra dimensions with a size of a
few TeV, offering new mechanisms for supersymmetry breaking as one of its primary consequences. A particular case
of large extra dimensions is the case referred to as Universal Extra Dimensions ([7]), according to which, the extra
dimensions are accessible to all the Standard Model fields. The typical dimensional reduction of the full Lagrangian of
any SM particle leads to an infinite tower of KK states that are perceived from a 4-D perspective as massive particles
(for related reviews see [8], [9]).
This setup becomes thus of great interest in cosmological contexts, since it incorporates naturally possible candidates
for dark matter. The stability of the Lightest KK Particles (LKPs) could mean they still exist today as thermal relics
and if they are not charged and of baryonic nature, they possess all the essential properties of a weakly interacting
massive particle (WIMP), (see [10], [11], for an introduction to WIMP dark matter).
In the effective 4-D picture of the UED scenario the fundamental coupling constants vary with the volume of the
internal space. However, the strong cosmological constraints on the allowed variation of these constants require the
extra space to be not only compactified, but also stabilized, at a time no later than Big Bang Nucleosynthesis (BBN).
Therefore, to produce a viable cosmological model in the UED scenario, one has to find a dynamical explanation for
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2the stabilization of the extra dimensions in order to reproduce standard cosmology for late times. An effort was made
in [12] to achieve this, and it was shown that while this is possible for the radiation domination era with no explicit
mechanism, this is not the case for matter domination (see also [13], [14]). In particular, by the use of the typical
definition of momentum flux for both usual and extra space, it was shown that if KK particles make up a significant
part of dark matter, a constraint regarding the equations of state of the usual and extra spatial fluids is obtained,
that is in general incompatible with a stabilization constraint coming directly from the field equations. Furthermore,
in [15], results of a stabilization due to the work of background fields were presented.
In this paper, we work with a quite generic metric that describes a UED scenario, with two separate scale factors for
the usual and the extra space. After obtaining the general solution in the phase space of the two Hubble parameters,
we show that a special case Kasner-type solution in the presence of matter, that is analytically known, acts as an
attractor. Then we reproduce a similar cosmological evolution to that predicted by the ΛCDM, without imposing any
constraint regarding KK dark matter. To do that, one needs to either suppose that KK modes are not a substantial
fraction of the dark matter, or abolish the typical connection between momentum flux and pressure for the extra
spatial fluid, and instead assume that matter is described in the microscopic level by a more fundamental theory.
For example in [16], [17], a case where strings wound around the compactified extra dimensions was proposed, and
explored. This results in a negative pressure effect which holds the compactified dimensions in place, impeding
their evolution, unlike the usual picture of the non-compactified dimensions where negative pressure is what drives
their accelerated expansion (for string gas cosmology reviews see [18], but also [19]). In any case, we will recover a
picture equivalent to that of the ΛCDM, in the context of UED, by imposing only (apparent) stabilization constraints
quantified by related phenomenology/observations.
This paper is organized as follows: in Section II we will present the setup of this scenario, generally following the
setup of [12]. In Section III we will present the solutions of this setup, showing the existence of an attractor solution,
to which a huge variety of initial conditions lead, rendering the construction of specific models quite easy. In Sections
IV and V we discuss the constraints that have to be followed, and construct such a model with the sole purpose of
recovering the late time results of the ΛCDM. In Section VI an interesting case of the equations of state is presented
before concluding in Section VII.
II. A HOMOGENEOUS UNIVERSE IN (3 + 1 + n)-DIMENSIONS
We assume that our universe is homogeneous in (3 + 1 + n)-dimensions. We also assume that it is not isotropic
as a whole but it is isotropic in 3-D and n dimensions separately. This universe can be described by the standard
Friedmann-Robertson-Walker (FRW) metric, if we allow for different scale factors in 3-D and n dimensions
ds2 = −dt2 + a2(t)γijdxidxj + b2(t)γ˜pqdypdyq , (2.1)
where γij and γ˜pq are maximally symmetric metrics in three and n dimensions, respectively. Spatial curvature is thus
parametrized in the usual way by ka = −1, 0, 1 in ordinary space, and kb = −1, 0, 1 in the extra dimensions.
With this choice of metric, the energy-momentum tensor must take the following form:
TAB =
 −ρ 0 00 γijpa 0
0 0 γ˜pqpb
 , (2.2)
which describes a homogeneous but in general anisotropic perfect fluid in its rest frame. The pressure in ordinary
space is related to the energy density by an equation of state pa = waρ, while for the extra space we have pb = wbρ.
The nonzero components of the Einstein field equations in the background metric (2.1) are then given by
3
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3where an overdot denotes differentiation with respect to cosmic time t. From conservation of energy TA0;A = 0 we
find, furthermore,
ρ˙
ρ
= −3(1 + wa) a˙
a
− n(1 + wb) b˙
b
. (2.4)
For constant equations of state this can be integrated to give
ρ = ρi
(
a
ai
)−3(1+wa)( b
bi
)−n(1+wb)
. (2.5)
We will use a subscript i to indicate arbitrary initial values, and a subscript 0 to indicate today values throughout.
Introducing the Hubble parameters Ha =
a˙
a and Hb =
b˙
b for the ordinary and the extra space respectively, equation
(2.3a) becomes
3H2a + 3
ka
a2
+ 3nHaHb +
n(n− 1)
2
[
H2b +
kb
b2
]
= κ2ρ . (2.6)
Equation (2.6) is the Friedmann equation of a homogeneous Universe with energy density ρ in (3 + 1 +n)-dimensions
with two Hubble parameters. Assuming that the curvature of the three-dimensional space and also the curvature of
the extra dimensional-space are zero, the above relation gives a simple algebraic connection of the Hubble parameter
Ha with the Hubble parameter Hb through ρ. The other two equations, (2.3b) and (2.3c), give the codependent
accelerations of the two scale factors. These equations will result to a constraint for the equations of state in order to
achieve exact stabilization of the internal space.
III. EVOLUTION OF THE HUBBLE PARAMETERS
Our purpose is to study how a (3+1+n)-dimensional cosmological model can evolve to an effective (3+1)-dimensional
one. This means that the extra n-dimensions have to eventually follow a compactification and stabilization mechanism.
It will be shown that a natural way of stabilizing the extra dimensions can be achieved for certain values of the equation
of state parameters wa, wb. It is also generally known that the Einstein Field Equations have Kasner-type solutions
[20] which are known to act as compactifying mechanisms [21]. We will use ka = 0, which is the accepted value
according to observations. Moreover, we will only consider toroidal compactifications for the extra space, hence also
kb = 0
1.
We present here an outline of the process that we follow to obtain the Hubble parameters’ evolution of this
scenario. First, we impose the ansatz (3.3), between the Hubble parameters, which leads to two Kasner solutions
(K1, K2) that are independent of the Equations of State (EoS) parameters, and one Kasner-type solution (K3),
which is EoS-dependent and is obtained when the EoS parameters are constant. Then we lift the ansatz (3.3), and
by eliminating time from the differential system, we obtain solution (3.11), that will be called the “general solution”
of the metric (2.1). We find that this solution can be written as a product of the K-type particular solutions obtained
beforehand, raised to some exponents that are EoS-parameter dependent. We then conclude by studying this solution
asymptotically.
We start by using the relations
a¨
a
= H˙a +H
2
a ,
b¨
b
= H˙b +H
2
b , (3.1)
1 From the equivalent of equation (3.2b) for kb 6= 0, it can be easily seen that a stabilized extra space is only compatible with Ha = const.,
which through equation (2.6) implies ρ = const., that is hard to match with Standard Cosmology.
4and eliminating the energy density by using (2.6), we get an equivalent differential system
H˙a =
3
[
(n− 1)wa − nwb − n− 1
]
2 + n
H2a +
n
[
(n− 1)(3wa − 1)− 3nwb
]
2 + n
HaHb
+
n(n− 1)[1 + (n− 1)wa − nwb]
2(2 + n)
H2b , (3.2a)
H˙b =
3 (2wb − 3wa + 1)
2 + n
H2a −
3 (3nwa − 2nwb + 2)
2 + n
HaHb
− n
[
5 + n+ 3(n− 1)wa − 2(n− 1)wb
]
2(2 + n)
H2b . (3.2b)
This system of the two Hubble parameters depends only on the EoS parameters wa and wb. Looking for particular
solutions, we impose the ansatz
Hb(t) = ciHa(t) (3.3)
Substituting it in (3.2), we get two equations for H˙a. Demanding that these equations have the same solution gives
3 possible values for ci when n ≥ 2:
c1 =
6
−3n−√3n(2 + n)︸ ︷︷ ︸
K1
c2 =
6
−3n+√3n(2 + n)︸ ︷︷ ︸
K2
c3 =
1− 3wa + 2wb
1 + (n− 1)wa − nwb︸ ︷︷ ︸
K3
(3.4)
while for n = 1
c1 = −1︸ ︷︷ ︸
K1
c3 =
−1 + 3wa − 2wb
−1 + wb︸ ︷︷ ︸
K3
(3.5)
For n ≥ 2 these are the two Kasner solutions K1 and K2:
Ha(t) =
Ha(0)(n− 1)
n− 1 + [√3n(2 + n)− 3]Ha(0)t
Hb(t) = − 6Ha(0)
3n+
√
3n(2 + n) + [3n+ 3
√
3n(2 + n)]Ha(0)t
 K1 (3.6)
Ha(t) =
Ha(0)(n− 1)
n− 1− [√3n(2 + n) + 3]Ha(0)t
Hb(t) =
6Ha(0)
−3n+√3n(2 + n) + [−3n+ 3√3n(2 + n)]Ha(0)t
 K2 (3.7)
while for n = 1 there is only one Kasner solution (the second one essentially reduces to the trivial Ha = 0, as will be
shown later):
Ha(t) =
Ha(0)
1 + 2Ha(0)t
Hb(t) = − Ha(0)
1 + 2Ha(0)t
 K1 for n = 1 (3.8)
It seems peculiar that (3.2), which has explicit dependence on the EoS parameters, has as solutions expressions
that do not depend on them, however we note that originally the Kasner solutions were vacuum solutions of the
Einstein equations [20]. So by returning to the system (2.3), from which system (3.2) is produced through algebraic
manipulation, and using ρ = 0, we see that all w-dependences are switched off. In [21] it was discussed how Kasner
solutions can be generalized in the presence of matter.
When the w parameters are constant, the system (3.2) has another Kasner-type solution (hinted at in [22]), which
will be called K3 solution:
5Ha(t) =
2[1 + (n− 1)wa − nwb]Ha(0)
2 + 2(n− 1)wa − 2nwb + [3− 3w2a + n(1 + 3w2a − 6wawb + 2w2b )]Ha(0)t
Hb(t) =
2(1− 3wa + 2wb)Ha(0)
2 + 2(n− 1)wa − 2nwb + [3− 3w2a + n(1 + 3w2a − 6wawb + 2w2b )]Ha(0)t
 K3 (3.9)
All these particular solutions obviously have constant Hb/Ha ratios throughout their evolution. Naturally, one
would look for the Hubble parameters’ evolution, corresponding to the metric (2.1), without imposing the ansatz
(3.3). As we will show in a moment, this evolution is actually made up as a product of the particular solutions
corresponding to the ansatz (3.3), with ci given by (3.4).
Because of their form (1/t), one understands that these solutions have a singularity and some interesting properties.
The Kasner solutions (K1, K2) have a constant deceleration parameter throughout. For n = 1 we have qK1 = 1 while
for n ≥ 2:
q = −1− H˙a
H2a
=

2+n−
√
3n(2+n)
1−n > 0 ∀ n ≥ 2 (K1)
2+n+
√
3n(2+n)
1−n < 0 ∀ n ≥ 2 (K2)
In the case of K3 however, the sign of q depends also on the values of the w parameters:
q =
1 + n+ (2− 2n)wa − 6nwawb + 2nwb + (3n− 3)w2a + 2nw2b
2 + 2(n− 1)wa − 2nwb
Moreover, for a positive value of Ha for t = 0, K1 solution has its singularity for t < 0 and K2 for t > 0, while K3’s
singularity again depends on the w parameters. Finally, it is notable that for the K1, K2 solutions a contraction of
the extra space (Hb < 0) guarantees the growing (Ha > 0) of the 3-d space and vice versa, while that is not necessarily
true for K3 because of the w parameters.
Moving on, to obtain the “general solution” that the Friedmann equations yield for the metric (2.1), without
imposing any ansatzes of the form of (3.3), we eliminate the time parameter in (3.2), thus passing to a single
differential equation, that is always integrable when the EoS parameters, w, are constant:
dHa
dHb
=
6
(
(n− 1)wa + nwb + n+ 1
)
H2a + 2n
(
n− 1− 3(n− 1)wa + 3nwb
)
HaHb
6(3wa − 2wb − 1)H2a + 6
(
n(3wa − 2wb) + 2
)
HaHb + n
[
5 + n+ (n− 1)(3wa − 2wb)
]
H2b
− n(n− 1)
(
1 + (n− 1)wa − nwb
)
H2b
6(3wa − 2wb − 1)H2a + 6
(
n(3wa − 2wb) + 2
)
HaHb + n
[
5 + n+ (n− 1)(3wa − 2wb)
]
H2b
(3.10)
Integrating this equation, we get a solution that can, with some algebraic manipulation, be written as a product of
the above particular solutions in the form:
const. =
∣∣∣ Hb︸︷︷︸
Hb part
∣∣∣√2+n[3(wa−1)2+n(1−3w2a+6wawb−2wb(1+wb))]·
∣∣∣Ha
Hb
+
3n+
√
3n
√
2 + n
6︸ ︷︷ ︸
K1 part
∣∣∣√2+n(3+n−3wa−nwb)+√3n(2+n)(wa−wb)·
∣∣∣Ha
Hb
+
3n−√3n√2 + n
6︸ ︷︷ ︸
K2 part
∣∣∣√2+n(3+n−3wa−nwb)−√3n(2+n)(wa−wb)·
∣∣∣ (n− 1)wa − nwb + 1
3wa − 2wb − 1 +
Ha
Hb︸ ︷︷ ︸
K3 part
∣∣∣−√2+n(3−3w2a+n(1+3w2a−6wawb+2w2b)) (3.11)
This form of the solution of the Hubble parameters that correspond to the metric (2.1), as a product of the special
solutions of the system, ought to be expected due to the similarity of the resulting differential equation, with the
Darboux equation (see [23], §2.21). It should be noted that during the derivation of this solution, K1, K2, and K3 in
6the form Hb− ciHa = 0, become forbidden constraints, since they appear in denominators of partial fractions. Hence,
their corresponding curves in the space of Ha, Hb(Ha) (which will be called phase space from now on), will appear as
limiting curves of every other possible phase curve. We will limit our study only to solutions that are cosmologically
relevant (i.e. excluding solutions with contracting 3-space: Ha < 0), but a more general picture can be found in the
Appendix, in the form of flow diagrams. We also note that the Kasner-type curves will obviously be straight lines in
this space, which in the case of K1 and K2 depend only on n (see eq. (3.4)), and thus are the same regardless of the
w parameters of the model, while for K3 the ratio Hb/Ha depends also on the w parameters.
From (3.11) we can study the solution asymptotically, distinguishing two main cases. The first one Ha, |Hb| → ∞
uniformly, with Ha > 0 could correspond to the behavior of a universe close to a singularity, while the case Ha,
|Hb| → 0 describes the asymptotic behavior of a universe that goes towards an “equilibrium” state and is the only
case that we will need to match this setup with the standard evolution2.
Because of the form of the exponents to which the K1, K2, K3 solutions are raised in the general solution (3.11),
the above asymptotic behaviors can be reached differently, depending on the powers’ signs, as well as on the position
of the initial values
(
Ha(0), Hb(0)
)
with respect to the K1, K2, K3 curves, essentially determining towards which of
the (Ha, Hb) pairs: (0, 0), (±∞,±∞) (and (0,±∞) if n = 1) the solution goes asymptotically3.
To see this more clearly, we will work without any loss of generality with the solution for n = 1, from where we can
incidentally see that the K2 part reduces to the trivial solution Ha = 0:
const. =
∣∣ Hb︸︷︷︸
Hb part
∣∣2√3(3wa−wb−2)(wb−1) · ∣∣∣Ha
Hb
+ 1︸ ︷︷ ︸
K1 part
∣∣∣√3(4−3wa−wb)+3√3(wa−wb)·
∣∣∣ Ha
Hb︸︷︷︸
K2 part
∣∣∣√3(4−3wa−wb)−3√3(wa−wb) · ∣∣∣ 1− wb
3wa − 2wb − 1 +
Ha
Hb︸ ︷︷ ︸
K3 part
∣∣∣−√3(4−6wawb+2w2b) (3.12)
We show the regions where the exponents of (3.12) have specific signs as functions of the w parameters in Figure
1, noting that the region most relevant to a cosmological model is region 2. This is because it includes the constraint
1− 3wa + 2wb = 0, which as shown in Section IV, is a necessary condition in order to keep many results of Standard
Cosmology intact.
To illustrate the above, we will work as an example in the case Ha/Hb → const, with Ha, Hb → 0, where we see
that if we have chosen w parameters in region 2 of Figure 1, the Hb part of (3.12) will go to 0, since it is raised
to a positive exponent. Since (3.12) is made up as a product of various factors, at least one of them needs to go
to infinity, to nullify the Hb part going to 0, and thus be consistent with the constant value of (3.12) on the l.h.s.
Assuming we have chosen appropriate initial values4, that can only be achieved asymptotically if Ha/Hb → 1/c3, thus
making the K3 part’s base go to zero raised to a negative exponent, so in total going to infinity. If on the other hand
Ha/Hb → const with Ha, Hb → ∞, the only way to have consistency in (3.12) with w parameters in region 2, is if
the K1 part goes to 0 (so Ha/Hb → 1/c1), nullifying the Hb part that now goes to infinity.
We can use this mathematical result to construct cosmological models with the desired properties, since region 2
of Figure 1 contains, in terms of the w parameters, all the cosmologically relevant values that we will need, giving
us a great freedom: For any initial values that are contained between the K1 and K3 curves, and w parameters
in region 2, we know exactly the asymptotic behavior of the corresponding solution, which will converge to the K3
special solution as Ha, Hb → 0. So, by making the K3 solution have some desired properties by means of fixing the
w parameters (for example q < 0 and |Hb|  Ha), we actually force the general solution (3.11) to eventually behave
like that as well. We illustrate what was discussed here in Figure 2, where for this reason we have chosen a specific
pair of w parameters and construct numerically the phase curves for 4 different choices of initial conditions, showing
the behaviors of their phase curves as compared to the phase curves of the Kasner-type solutions.
2 It can be seen directly from (3.11) that asymptotic cases like Ha/Hb 6→ c are not possible. For example in a case where asymptotically
Ha  Hb, Ha/Hb 6→ c, if we ignore the non important constants, we would end up with an equation of the form const. =|Hb|...|HaHb |
...,
giving |Hb|Hxa = const.. But by substituting this constraint in (3.2), we see that a non-trivial solution of this type is not possible. In
this manner one can see that asymptotically it is only possible for one of the K1, K2, K3 solutions to end up attracting the phase curve
of any other solution.
3 This is only incidentally true in the cases that interest us. To be more precise the deciding factors for the attractors are the combinations
of the signs of the factors in (3.2) along with the position of the initial conditions compared to the K1, K2, K3 curves.
4 Meaning initial values that correspond to a phase curve that is limited by the K1 and K3 curves in this example.
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FIG. 1: For n = 1, the term that only contains Hb in (3.12) is raised to an exponent that is positive everywhere except region
3. The exponent to which the K3 part is raised is negative in regions 2 and 3. The K1 part is raised to a positive power
everywhere, while the K2 part is positive in regions 1 and 2. So for example in the case where Ha
Hb
→ const with Ha, Hb → 0
the general solution can be consistent in region 2 where the Hb part goes to 0, but can be canceled out by the K3 part that
goes to infinity. When Ha, Hb →∞, the roles are reversed, and the K1 part is canceling out the Hb part in region 2. Similar
conclusions can be reached for any n, although the various regions are different.
Concluding this section, it is interesting to note that this asymptotically attracting behavior of the Kasner-type
solutions essentially translates to an attractor for the energy density, ρ, through equation (2.6) (for ka = kb = 0).
The energy density of these types of scenarios can and will ultimately be attracted to either empty universe scenarios
(ρ = 0) through K1 and K2 solutions, or to the value predicted by the K3 solution:
k2ρ = − 2(2 + n)
[−3(wa − 1)2 + n(3w2a − 6wawb + 2wb(1 + wb)− 1)]Ha(0)2[
2 + 2(n− 1)wa − 2nwb + t
(
3− 3w2a + n(1 + 3w2a − 6wawb + 2w2b )
)
Ha(0)
]2 . (3.13)
IV. CONSTRAINTS TO OBTAIN A COSMOLOGICALLY VIABLE MODEL
As we have argued in Section III, any random pair of initial conditions in the space of Ha, Hb(Ha) will correspond
to a solution that converges to one of the three particular solutions corresponding to (3.3) and (3.4). This is not
particularly interesting from a realistic cosmological point of view in the case of the K1 and K2 solutions, which
always give a specific, EoS-independent, evolution for Ha, Hb. However, this is not the case for the K3 solution,
since, through its dependence on the EoS parameters, it can be manipulated to produce certain desirable behaviors.
And as soon as the K3 solution is fixed to follow some specific constraints, the same will be true for a large variety
of solutions corresponding to random initial conditions, that are of the form of the “general” solution (3.11), of the
metric (2.1).
Naturally, the next step is to quantify the constraints needed to be followed to have stabilized extra dimensions,
in order to produce a plausible cosmology. If we then translate them into what the behaviors of the EoS parameters
need to be, for the K3 solution (and subsequently any other solution of the form (3.11) that converges to it), we will
have created a vast family of initial conditions that ultimately lead to a viable cosmology.
Firstly, it is easy to obtain a constraint for an exact stabilization regarding the w parameters([12]). By inspecting
the equation of the extra dimensional Hubble parameter, (3.2b), switching off all terms that contain Hb leaves as the
80 2.´ 10-10 3.´ 10-10 4.´ 10-10 5.´ 10-10
Ha
-2.´ 10-10
2.´ 10-10
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n=1, wa=-0.7, wb=-1.48
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K3 Solution
Phase Curve 4
Phase Curve 3
Phase Curve 2
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Backwards in time
Flow of time
FIG. 2: The phase curves for 4 different choices of today values of Ha, Hb. For curves 1− 3, with today conditions increasingly
further from the K3 solution, the general solution is dominated by the K3 part for a smaller region (that generally translates
to a smaller time period). Curve #4 corresponds to a today ratio Hb/Ha that is bigger than that of the K3 solution, hence it
corresponds to a different family than the first 3 curves. Going backwards in time one can see that the K1 solution starts to
dominate for curves 1− 3, while for the fourth curve the part that dominates is K2, which for n = 1 degenerates to the curve
Ha = 0.
only non trivial solution the equation5:
1− 3wa + 2wb = 0 . (4.1)
For this work, however, we will not impose this particular constraint, but instead we will allow for a slow evolution
of the extra dimensions, which, as one would expect, leads to a looser version of (4.1). To see that, one needs only to
observe that (4.1) is actually a special case of the K3 solution - that in which we demand that c3 = 0. In the phase
space Ha, Hb(Ha), that corresponds to the Hb = 0 axis. So to enforce a looser version of (4.1) we would simply need
to demand that wa, wb be such as to produce a K3 curve whose ratio Hb/Ha is very small.
In particular, to build a viable model, two specific constraints will be used to quantify the apparent to an effective
3-dimensional observer stabilization. The first one is:
|H(0)b | <
1
10n
H(0)a , (4.2)
which is a constraint derived in [25], by comparing the experimental/observational results for G˙NGN with the accepted
value of the Hubble parameter H0, and using the fact that GN ∝ b−n. The second constraint is:
|bBBN − btoday|
b
≈ 1% . (4.3)
where bBBN refers to the value of the scale factor during the BBN era. Constraint (4.3) can be inferred from various
works that take into account a variety of tests, (for example constraints on element abundances that can be used to
check the electroweak coupling for redshifts referring as far back as BBN, to more recent redshifts from events like
the Oklo natural reactor, see [24] and references therein).
Stricter constraints can of course be applied and still produce solutions. However, much stricter constraints will
effectively lead to an exact stabilization, which as already mentioned, is merely a special case of the K3 solution.
5 This particular combination of the EoS parameters is affected solely by the dimensionality of the usual space, and not that of the extra
space. If for example the scale factor a(t) corresponded to m instead of 3 dimensions, this constraint would be 1−mwa+(m−1)wb = 0.
The ci would be different too, for example c3 =
1−mwa+(m−1)wb
1−(n−1)wa−nwb
9Constraints (4.1) and the equivalent of (4.2) for the K3 solution, obtained by using (3.9), are depicted in Figure
3, by the dashed line and the triangular region respectively. A similar treatise gives the corresponding region for
constraint (4.3).
Moreover, we can use (3.9) to specify the regions that produce specific values for the deceleration parameter
q = −1− H˙
H2
,
whose accepted value for today is q ∼= −0.6. Various regions that correspond to different values of qK3 are depicted
in Figure 3.
So what is ultimately being performed is the narrowing down of the regions of the plane of wa, wb that produce
specific behaviors for the Hubble parameters of the K3 solution (and thus for any other solution of the form (3.11)
that converges on it). If we impose at the same time the standard cosmological evolution of the EoS parameter w to
wa, (see Section V), when passing from era to era, we will have to adopt a very specific corresponding behavior for
wb, in order for all of the above constraints to be met.
One more thing that needs to be studied in terms of the EoS parameters is the decay of the perturbations of the
K3 solution, since it ends up attracting a whole family of solutions of the form (3.11). Setting:
Ha(t) = H
K3
a (t) +H
per
a (t), Hb(t) = H
K3
b (t) +H
per
b (t)
in equations (3.2) and disregarding all the non linear perturbative terms, we get the system of equations
H˙pera =
2Ha(0)
[(
3(w2a − 1) + n(wb − 3w2a + 3wawb − 1)
)
Hpera (t) + nwb(wa − nwa + nwb − 1)Hperb (t)
]
2 + 2(n− 1)wa − 2nwb +
(
3− 3w2a + n(1 + 3w2a − 6wawb + 2w2b )
)
tHa(0)
(4.4a)
H˙perb =
2Ha(0)
[
3wa(3wa − 2wb − 1)Hpera (t) +
(
3(wa − 1) + n(3wawb − 2w2b − 1)
)
Hperb (t)
]
2 + 2(n− 1)wa − 2nwb +
(
3− 3w2a + n(1 + 3w2a − 6wawb + 2w2b )
)
tHa(0)
(4.4b)
which is integrable for every n and constant w parameters. However, its solution is rather cumbersome so we will
only present here the behavior of the perturbations as a function of t for n = 1, which for both Hpera and H
per
b is
Hpera , H
per
b ∝ t
−4+3wa+wb
2−3wawb+w2b
For all the interesting pairs of w parameters (and specifically for those that guarantee a stabilized extra space), the
above perturbations are decaying with time, since the exponent of t is negative in regions 2 and 3 of Figure 1, so one
sees the convergence on K3 of all cosmologically relevant (in the sense of the w parameters) solutions that are close
to it.
If the same procedure were to be followed for the Kasner solutions for n = 1 (meaning solution (3.8) and Ha = 0),
it can be shown that the fluctuations evolve as
Hpera , H
per
b ∝ t−wb
Concluding this section, we reiterate what has been argued so far. Firstly we show that the metric (2.1) has 3
particular solutions in the form of (3.3) given by (3.4). Moreover, its “general” solution is (3.11). Any solution of the
form (3.11) converges on one of the particular solutions mentioned, of which only one is EoS dependent, namely K3.
So it is interesting to see under what circumstances it can produce a viable cosmological evolution. To do that we
quantify a number of constraints and impose them on the K3 solution, and by doing so, we have actually imposed
them on any other solution of the form (3.11), that converges on it.
This offers great freedom in terms of the initial conditions of Ha and Hb, since the resulting cosmology depends
only on the EoS parameters that specify the corresponding K3 solution, but at the cost of having to impose a specific,
and, indeed, rather exotic from the era of matter domination and on, behavior of wb. So it is stressed out that such
a behavior needs to be motivated through a specific mechanism (for phantom energy scenarios for example see [27],
[28], while for a possible motivation through string theory see [16]). Alternatively, the picture could be fundamentally
different if the equation of state of the extra dimensional sector is not of the simple form pb = wbρ.
Regardless, to demonstrate the ease that the knowledge of the corresponding K3 solution of such a scenario
provides, we will reconstruct an evolution, very similar to that of the ΛCDM, in the next section, in the particular
UED framework set by metric (2.1).
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1-3wa+2wb=0
qK3 > -0.5
qK3 > 0.5
qK3 > 1.0
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-1.5
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-0.5
0.5
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wb
n=1
FIG. 3: The triangular region (blue), around the exact stabilization condition (dashed line), shows the possible values of the
w parameters that make the K3 solution satisfy the loose stabilization constraint (4.2) for today. The three curved regions
(black, yellow - horizontal lines, green - full grid) represent possible values of these parameters that give an increasing (as we
go towards (1, 1)) value for q.
V. A RECONSTRUCTION FROM TODAY UNTIL THE ERA OF RADIATION DOMINATION
To model the desired behavior for the w parameters as outlined above we will use transitions between values of
wa that are consistent with the Standard Model and the observations, while the same will be done for wb demanding
only that the stabilization constraints are satisfied. The results presented here, were obtained by using the density
parameter wa given by the Friedmann equations:
wa =
2Ha(z)H
′
a(z)(1 + z)− 3H2a(z)
3H2a(z)
(5.1)
and using the Hubble parameter of the ΛCDM ([29]), Ha(z) = H
today
a
√
ΩM (1 + z)3 + ΩDE(1 + z)3(1+wDE). By
choosing specific values of the ΛCDM model for the Ω parameters, the corresponding values of wa are retrieved. One
can now enforce the constraint (4.1) , and produce the evolution of wb
6.
Moreover, appropriate choices will be made to satisfy today observational results:
H0 ≈ 70km/s
Mpc
, q0 ≈ −0.6 ,
while simultaneously preserving the theoretical results of Standard Cosmology regarding the evolution of the scale
factor in the eras of radiation and matter domination (t1/2 and t2/3 respectively).
To do this, we utilize our earlier result, that essentially any solution will have converged already on a K3 solution,
that satisfies any constraint that we want to impose. Since we know analytically the behavior of any K3 solution, it
6 However, other ways of transitioning between the values of wa needed to retrieve Standard Cosmology, and the corresponding values for
wb, should be completely viable as well (for example a generalized Chaplygin gas, [26]), as long as they follow the reasoning presented
regarding the allowed values of the w parameters with respect to stabilization.
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is very easy to quantify a variety of constraints, as shown in the previous section. The combination of these, compels
us to choose from a specific region if we want to achieve an apparent stabilization and q0 ≈ −0.6 that corresponds to
the observations. Finally, the transitions of the w parameters for various eras, are made to also recover the generally
accepted transition from a decelerating to an accelerating expansion of the Universe at redshifts z ≈ 1− 2, as well as
a minute total evolution of b(t), quantified by (4.3).
Before presenting, the final results of this work, one more thing is to be noted: the observational results are generally
to be matched with the effective values of the dimensionally reduced action (which typically correspond to a Gravity
plus Radion-field theory), and not directly to those corresponding to the full 3 + n+ 1 action. Starting from the full
action:
S ∝
∫
d4+nx
√−g(R− Lmatter) (5.2)
with the particular metric of our setup being written in the form:
gABdx
AdxB = g(4)µν dx
µdxν + b2(t)γ(n)pq dx
pdxq
it is straightforward, (see [15]), to go to the aforementioned Gravity + Radion action:
S ∝
∫
d4x
√
−gˆ(R− 1
2
∂µφ∂
µφ+ Veff (φ)
)
(5.3)
by means of initially integrating out the extra dimensional terms, and then performing a Weyl transformation,
gˆµν = b
n(t)g(4)µν (5.4)
which leads to the extra dimensions’ scale factor being realized from an effective 4-D point of view as a scalar field in
a potential:
φ ∝ lnb Veff (φ) = f(Lmatter, φ)
Of course, the Weyl transformation changes the time and the 3-D scale factor that an effective 4-D observer would
perceive as:
teff =
∫
bn/2(t)dt+ const ≡ g(t)→ t = g(−1)(teff ) (5.5)
aeff (teff ) = b
n/2
(
g(−1)(teff )
)
a
(
g(−1)(teff )
)
(5.6)
leading to
H(eff)a =
[n
2
Hb
(
g(−1)(teff )
)
+Ha
(
g(−1)(teff )
)]dg(−1)(teff )
dteff
(5.7)
qeff (teff ) = −1− dH
(eff)
a /dteff
H
(eff)2
a
(5.8)
However, one can see from (5.5)-(5.8) that these corrections, with the exception of a possible scaling b0 ≈ const,
are important only if stabilization has not occurred, hence it would be necessary to take them into account only in
primordial times, which however are not studied in this work.
In the diagrams of Figure 4 we present the evolution of the Hubble parameter Ha as predicted by our model, in
comparison with the evolution predicted by the ΛCDM, as well as the 3-D scale factor compared with the expected
evolution for a matter dominated universe. If we did not have an essentially stabilized b(t) the evolution of the scale
factor would not be the same, regardless of the choice wa = 0 for matter domination, since, as we see in (5.6), its
effective value is affected by b(t). The same thing is true for the radiation domination and Dark Energy era.
In Figure 5 we see the evolution of the scale factors, which are normalized to be a(0) = b(0) = 1 today, and finally
in Figure 6 we present the deceleration parameter of our model, as well as a comparison of the m(z)−M curve that
it predicts, with 580 SNIa observational points taken from [30].
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FIG. 4: The evolution of Ha and a(t) for a universe with stabilized extra space compared with their Standard Cosmology
counterparts.
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FIG. 5: The evolution of the scale factors of this model.
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FIG. 6: The evolution of the deceleration parameter and a comparison of the predicted m(z)−M curve with 580 SNIa points
([30]).
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VI. K - TYPE SCALE FACTORS AND THEIR EFFECTIVE PICTURE
In this section we demonstrate the evolution of the scale factors given by the K-type solutions and their corre-
sponding aeff (teff ), as perceived by an effective 3-D observer, which proves to be quite different from a(t) when the
internal space is not stabilized. From our analysis so far it is evident that the two Kasner solutions, K1 and K2, do
not satisfy any stabilization condition7, hence we expect a discrepancy between the evolution of aeff (t) and a(t).
To demonstrate this, we will work in a scenario with n = 2. By integrating (3.6) and (3.7) we get the scale factors
for this case:
a(t) = c˜1
∣∣−√3 + 3(√3− 2√2)Ha(0)t∣∣ 1−3+2√6
b(t) = c˜2
∣∣2√2 + 2√3 + (6√2 + 2√3)Ha(0)t∣∣− 22+2√6
 K1 (6.1)
a(t) = c˜1
∣∣−√3 + 3(√3 + 2√2)Ha(0)t∣∣ 1−3−2√6
b(t) = c˜2
∣∣−2√2 + 2√3 + (2√3− 6√2)Ha(0)t∣∣− 22−2√6
 K2 (6.2)
where c˜1, c˜2 are integration constants. According to (5.5) and (5.6) we can, in principle, get the function t(teff )
and subsequently aeff (teff ). However, one can see that it is not a trivial task, even though we have the explicit forms
of a(t), b(t), so instead we continue qualitatively.
For the K1 solution, from (6.1) we see that for t tsing, b(t) ∝ t−
2
2+2
√
6 , so from (5.5), we deduce that in this case
t ∝ t
6−√6
5
eff ≈ t7/10eff . So by (5.6) we see that for t tsing, aeff ∝ t1/3eff , as opposed to a ∝ t1/2.
On the other hand, very close to the singularity the dimensionally reduced metric is not necessarily the physical
one. Still, if we were to naively look for an “inflationary”-like evolution of the K1 solution, we would conclude that
neither a(t), nor its effective counterpart have a fast enough evolution.
The same reasoning can be followed for the K2 solution, giving similar results, however one needs to take into
account that in this case the singularity is in the future and not in the past.
The situation, however, can be quite different in the case of K3, as we will show in the following example for n = 2.
The scale factors in this case are:
a(t) = c˜1
∣∣2(1 + wa − 2wb) + (5 + 3w2a − 12wawb + 4w2b )Ha(0)t∣∣ 2+2wa−4wb5+3w2a−12wawb+4w2b
b(t) = c˜2
∣∣2(1 + wa − 2wb) + (5 + 3w2a − 12wawb + 4w2b )Ha(0)t∣∣ 2−6wa+4wb5+3w2a−12wawb+4w2b
 K3 (6.3)
One immediately sees that there exist suitable values for the w parameters, namely wa = −1, wb = −2, that make
the denominators of both the exponents, as well as the numerator of b(t), go to zero. The exponent of a(t) is positive
in regions 2 and 3 of Figure 1, while the exponent of b(t) is only positive in the subset of region 2 defined to the left
of the dashed line representing the exact stabilization condition 1− 3wa + 2wb = 0. Hence, given a properly selected
approach to the above values of the w parameters, we can achieve a large positive value for the exponent of a(t), and
at the same time a small negative value for the exponent of b(t). However, both the stability of the solution and the
value of the exponent of b(t) depend on the way that the aforementioned values of the w’s are approached. These
values lie exactly on the boundary of regions 1 and 2 of Figure 1 (this is true for the respective diagrams for every n),
meaning that a fluctuation of the w’s from one region to the other, changes drastically the behavior of the solution. To
illustrate this, we refer the reader to the top two diagrams of Figure 7 of the Appendix, where the different behaviors
of the phase curves for values in regions 1 and 2 of Figure 1 respectively, can be seen.
VII. CONCLUSIONS
In this work we have presented a concise view of how flat, homogeneous Universal Extra Dimensions affect standard
cosmological evolution, and how one can recreate a picture similar to that of the ΛCDM. In the framework of UED,
7 Though in the interesting case of an infinite dimensionality n, considered in [31], it is shown that vacuum solutions can be stabilized.
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this can only be done if the extra dimensions are stabilized from a very early era, since a significant fluctuation in
the values of fundamental coupling constants would be measurable by experiments, or observable through deviations
from models of high redshift events (like BBN).
We have managed to do so for non-exactly static, but still slowly-enough evolving extra dimensions, by using a
special case solution for constant EoS parameters. This Kasner-type, particular solution actually acts as an attractor
for a plethora of possible cosmologically relevant (i.e. expanding 3-D, contracting extra space) initial conditions of
the Hubble parameters Ha, Hb. It is an exact solution of the Friedmann equations, and because it is analytically
known, through its dependence on the EoS parameters, it can give the desired cosmological evolution compatible with
the phenomenology. Then, we show that a large variety of random initial conditions yield solutions that converge
rapidly on this phenomenologically correct attractor-solution. To achieve the stabilization of the extra space without
using any explicit mechanism, we have to allow for a wider range of EoS parameters for both the usual and the extra
spatial fluid. However, the EoS parameters need to follow a specific, codependent evolution, quantified through a very
simple relation. The range of the EoS parameters is expected to arise from string theory, since it is known that strings
wound around compactified dimensions give similar effects. However, a justification for a constraint connecting the
EoS parameters in such a specific way, that is indeed dependent only on the dimensionality of the usual space, has
yet to emerge.
Finally, we have studied how the scale factors corresponding to this special Kasner-type solution would behave in
times close to its singularity. We have seen that there exists a pair of EoS parameters that can at the same time
produce a very fast expanding evolution of the usual 3-D scale factor and a comparatively very slow contracting
evolution of the extra spatial scale factor. However, these EoS parameters lay on the border of two regions that in
general produce very different evolution patterns, meaning that a small fluctuation in their values could trigger a
significant change in the evolution of the usual and extra space.
Appendix A:
We present here for reference, two flow diagrams for n = 1 for two specific examples regarding the EoS parameters.
These examples illustrate the behavior of the general solution, without trying a priori to match anything with realistic
cosmological results. As stated in section III, the evolution of a system of this type depends on the values of the w
parameters and, of course, on the position of the initial values H
(i)
a , H
(i)
b with regard to the curves of the Kasner type
curves K1, K2, K3 in the phase space. Since K1 and K2 (which for n = 1 reduces to the axis Ha = 0) have constant
ratios, the value of the K3 solution’s ratio is the deciding factor as to where its curve is with regard to the K1 and
K2 curves. That, in turn, in combination with the initial values and the signs of the r.h.s factors of (3.2), decides
the attractor-curve in each case. These behaviors are qualitatively the same for any n.
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FIG. 7: Two characteristic examples for w parameters in regions 1 and 2 of Figure 1 respectively. Qualitatively these behaviors
remain the same for any n.
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